POINTWISE ERGODIC THEOREMS

BY
M. A. AKCOGLU

Introduction. The purpose of this paper is to extend various known results in
operator ergodic theory to give a direct approach to pointwise ergodic theorems.
The main step in this approach is a maximal ergodic theorem (Theorem 1), which
is a generalization of the result given in [1]. A corollary (Theorem 2) of this theorem
is Chacon’s ergodic theorem [6] for positive operators which contains both
Birkhoff’s ergodic theorem [2] (or, more generally, Dunford-Schwartz’s theorem
[9] for positive contractions) and Chacon-Ornstein’s ratio ergodic theorem [4].
Theorem 1 is also used to obtain the identification of the limit in a straightforward
way. In the final part of the paper Theorem 2 is generalized to nonpositive operators
to give a direct proof of Chacon’s general ergodic theorem [6].

Definitions and basic lemmas. Let (X, %, u) be a o-finite measure space and
L,=L,(X, %, p) the Banach space of equivalence classes of integrable complex
valued functions on X. The elements of L, will be identified by their representative
functions and the relations between them will be considered holding up to sets of
zero measure. L7 is the positive cone of L, consisting of nonnegative L,-functions.
All subsets of X considered in this paper are measurable either by assumption or
construction.

Let T be a contraction on L,, i.e., a linear operator T: L, — L, for which
|T|| £1 with the usual definition of the norm of an operator on a Banach space.
We denote by = a positive contraction on L,, i.e., a contraction such that
TLi<L{.

If F={fo, f1, fo, - - .} is a sequence of complex valued functions on X and « is a
complex number then «F'={ofy, of1, ofs, . . .}, SpF=Dr_o fi,n=0and S, F=27_0 fx
(a.e.), if it exists. For an L,-function f; let fr={f, Tf, T?%f, .. .} and S,(f, T)= S, fr

DeriNITION 1. A sequence P={p,, p;, ps,...} of nonnegative, finite and
measurable functions on X is called T-admissible (or, simply, admissible) if fe L,,
n20 and |f| <p, imply that |Tf| < p, .

Admissible sequences have been introduced by Chacon [6], to give a mutual
generalization (Theorem 6 of the present paper) of the Chacon-Ornstein theorem
[4] and the Hopf-Dunford-Schwartz theorem [9]. Note that if feLf then
fi={f, 1f, 7¥f, ...} is a 7-admissible sequence. For other examples of admissible
sequences we refer to [6].
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Throughout this paper P={py, p1, Ps, - - .} Will denote an admissible sequence.
We note that, if «=0, «P is also an admissible sequence. Also, if fe L, and
| /1S 2%=n P (0=n=n') then |Tf| S SX L4 1 P

The following lemma was first given, in a slightly different form, in [4]. In the
following we indicate an outline of its proof and refer the reader for a complete
proof to [4], [11], and [12].

LemMA 1. For any f€ L,, lim,_, . (+*f]S,P)=0 a.e. on the set{x | 0< S, P(x)}.

Proof. Assume that fe L and let, for a fixed ¢>0, E, be the support of
(v"f—eS,P)*.

Then one can obtain that

o

& z po < OO,
n=1VE,
from which the proof follows.
Let E e #. Associated with 7, P, and E define a possibly finite sequence

4= {aO: a, as, . . }
of measurable functions as follows:

Qo = XDo»
™ »
a, = X[pn_ 2 Tkan—k]a nzl,

k=1

where y is the characteristic function of E. An induction argument shows that the
functions a, are nonnegative. The sequence A is infinite if it consists of L,-functions.
Otherwise it terminates with the first function which does not belong to L,.

DEFINITION 2. We let Qg(P)=73 [ ax, (0= Qg(P) = 00) where {ay, a;, . . .} is given
by (*) and the summation is taken over the set of indices k for which g, is defined.
If fe L} we write Qg(f) instead of Qg(f,).

We note that Qg(aP)=«aQg(P) for any «20, Qz(f)<|f| for any fe L} and
Qg(P)=0 if and only if S,P=0 a.e. on E.

A maximal ergodic theorem. The following theorem, which will be fundamental
for the rest of this paper, is an extension of an ergodic lemma [1] to admissible
sequences. Since its proof is similar to the proof given in [1], here we give only an
outline.

THEOREM 1. Let E € % and consider two r-admissible sequences P={po, p;, ...}
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and Q={qoq1,-..}. Then lim sup,., (S,P—S,0)20 ae. on E implies that
Qx(P) 2 Qx(Q)-

For the proof we need the following

LEMMA 2. Let E € F and let A’ ={ay, a3, . . .} be a sequence of nonnegative measur-
able functions such that ay < xp, and if ag, a3, . . ., Gy -1 € L, then

n
a;l .—<.. X(pn_ Z Tka;t—k),
k=1
where x is the characteristic function of E. Then | SoA’ < Qg(P).

Proof. Assuming Qgz(P) < oo we can define

n
b, = DPn— Z Tkan-ks nz0.

k=0

An induction argument shows that a corresponding sequence
n
by = pn— z @, nz0
k=0

is also defined and (b,—b,)’s are nonnegative L,-functions for all n=0. Now
consider G,= [ [(S,4—S,4")—(b,—b,)]. Then one obtains that G,=0 and
G,.=G,.,, for all 20 which shows that 0= G,, or | S,4' <[ S,4 for all n20.

Proof of Theorem 1. Let y be the characteristic function of E. Assuming
Qg(P) <o, we define a sequence R={ry, 1, 75, . . .} as follows:

ro = XPo A 4o,

n-1
Ih = X(pn_ Z Tn-krk) A (qO—Sn-lR), nzl

k=0

Lemma 2 shows that these functions are in L and [ SoR=< Qg(P). Using the
hypotheses on P and Q one obtains that [ S, R=xqo, hence xg, < Qg(P).

Let C={c, €1, €, - . .} be the sequence associated with =, Q, and E, as defined
by (*), so that Qg(Q)=3 [ ¢,. In the previous paragraph we obtained that
| ¢o=Qg(P). An induction argument, analogous to that given in [1], shows that,
if [ S,C < Qg(P) then [ S,,,C= Qg(P), hence completes the proof of the theorem.

A ratio ergodic theorem for admissible sequences is a direct consequence of
Theorem 1.
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THEOREM 2. Let P and Q be two t-admissible sequences and E €% . Then
Qg(Q) <o implies that lim,,_, ,, (S,Q/S,P) exists (and is finite) a.e. on

E' = EN{x|S.P(x) > 0}.

Before the proof we note that this theorem will only be used for the special case
where Q=f;, fe L{. The theorem is stated for a general admissible sequence Q
for reasons of symmetry, since this does not add any difficulty.

The following proof is analogous to that given in [3] for the proof of the Chacon-
Ornstein theorem.

Proof of Theorem 2. If lim sup,.. ., (S,Q/S,P) is infinite a.e. on a nonnegligible
subset G of E’, then Theorem 1 gives that Qg (Q) = aQ(P) for all «=0. This is a
contradiction, since Qs(Q)<oo by Lemma 2 and Qg(P)>0.

If lim,,., , (S,Q/S.P) does not exist on a nonnegligible subset H of E’ then one
can find two numbers « <8 and an H'< H with u(H’)> 0 such that

lim inf (S, Q/S,P) £ « < B = lim sup (S,Q/S.P)
n-+»00 n—

a.e. on H'. By Theorem 1, this implies that Q.(Q) = BQ.(P) and

aQp(P) 2 Qy(Q)

which is a contradiction.

Identification of the limit. A positive contraction = induces a decomposition of
X into two parts of different characters. We state this result, which is due to Hopf
[10] and Chacon [5] in the following form:

THEOREM 3. Let 7 be a positive contraction on L,=L(X, %, u). Then X can be
written as the union of two disjoint sets D and C, called the dissipative and con-
servative parts respectively, with the following properties:

(i) Forany feL;f, So(f, 7)<o0, a.e. on D.

(ii) For any fe L}, So(f, V=00 or 0 a.e. on C.

(iii) If fe L, and f=0 a.e. on D then 7f=0 a.e. on D.

@iv) If feL{ and f=0 a.e. on D then |=f|=|f].

Proof. Let feL,, f>0 and
C = {x | (So(f; D)) = oo},
D = {x | (Sx(f; D)) < oo},

which are defined up to sets of measure zero. Then Theorem 2 implies that D and
C have the properties (i) and (ii).
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Now assume that (iii) is not true. Then one can find a function fe L}, f=0 a.e.
on D and a nonnegligible subset G of D and two numbers «, 8, such that 0 <a < 7f
a.e. on G and S, (f, 7)<B a.e. on G. Since S,(f, 7)=00 a.e. on the support of f,
one can choose n large enough so that S,(f, 7) = 28f]« a.e. except on a set H with
fu fS4eu(G). Then it follows that S,.,(f, 7)>PB on a nonnegligible subset of G,
which is a contradiction and proves (iii).

Finally assume that (iv) is not true. Then there exists a function fe L, f=0 a.e.
on D such that |f]|—|7f|=A>0. Now choose n large enough so that
Su(f 7) 22| f| f1X a.e. except on a set H with [, f<3A. Then

1S/, DI = 178:(f DI > |1

But this is a contradiction, since S o[[|7*f| — |7 **f 1= | f]-

DEFINITION 3. A (measurable) subset E of X is invariant (with respect to 7) if
feL, and f=0 a.e. on X—E imply that =0 a.e. on X—E.

Note that the previous theorem gives that C is invariant.

The following two lemmas formulate the recurrence properties of the conservative
part. Using these results we will obtain a simple interpretation of Qgz(P) (Lemama 5).

LeMMA 3. Let E be a (measurable) subset of C, the conservative part, and let
SeL{,f=0a.e. on X—E. Then Qg(v"f)=| f|| for all n20.

Proof. For n=0 the assertion is trivial. We first show that Qz(zf)=| f]-
Let x and x’ be the characteristic functions of E and X — E respectively and let
R(+f, 7, E)={g0, &1, - - -} and R'(f, =, E)={gy, &1, . - .} be the sequences defined as

g = x7/, & = X',
8&n = XT8n-1, &n=X78n-1, N1,
and
75f = S«[R(f, 7, E)].

It is easy to check that =z can be extended linearly to the L, space L,(E) of
integrable functions with support in E and be considered as a positive contraction
on this space. Note that Qg(7f)=|/7zf]. An induction argument shows that, for
all nz0, S.(f, 7=<S.(f, 7z) a.e. on E. Hence 7z is conservative on E and

Qg(rf) = |7=f1l = 1.
Now assume that Qg(rf)=| f|| for n=0, 1,..., N. Then
Qe(r"*Y) = Qp(rx7f)+ Qu(rx'7f) = |x7"f| + Qulx'~"f)
= Qg(="f) = | fI.
Here we use the fact that Qz(g)=Qz(7g) if g=0 a.e. on E.
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DErFINITION 4. Let E be a subset of the conservative part C and let £ be the
class of all invariant subsets of C which contain E. Then the measure-theoretic
intersection I(E) of the elements of £ is the smallest invariant set containing E.

Note that I(E) is defined up to a set of measure zero and is an invariant set. If
g is an L} function whose support is equal to E, then S,(g, 7)=c0 a.e. on I(E),
and S,(g, 7)=0a.e. on X—I(E).

LEMMA 4. Let E be a subset of C and let f be an L function which has support in
I(E). Then Qu(f)=|f].

Proof. First observe that if 0= f<u, ue L, and Qg(u)=|u| then Qg(f)=|f].
Now let g € L{ and let the support of g be equal to E. Then for any >0 there
exists an n such that S,(g, 7)=f a.e. except on a set G with [, f= | f] —e. Since
Qu(S.(g, 7)=|S.(g, 7)|, we then have Qgz(f) 2 || f]| — e, which proves the lemma.

LEMMA 5. If E is a subset of the conservative part C, then, for any r-admissible
sequence P,

QP) =lim | p,

Proof. First we have, directly from the definitions, that

Qg(P) £ lim Dn-
Hence, if Qz(P)=oco the proof is complete. Otherwise the previous lemma gives that
Qp(P) =z Qg(p;) where p,=x:p, € L{, x; being the characteristic function of I(E).
This implies the conclusion of the lemma.

LEMMA 6. The invariant subsets of C form a o-field # with respect to C.

Proof. The only nontrivial step of the proof is to show that if /< C is invariant
then I'=C—1 is also invariant. Let =, be defined as in the proof of Lemma 3. If
I’ is not invariant one can find a function fe L}, f=0 a.e. on X—1I’ such that
| 7r-f1 < |f]- But this contradicts the fact that ;. is conservative.

LEMMA 7. Let Qi(Q)<oo. Then the restriction of h=lim,_, , (S,Q/S,P) to C is
an SF-measurable function.

Proof. Let E,={x | h(x)2o} N C. If I(E,) " (C—E,) has nonzero measure,
then there exists an e > 0 such that I(E,) N (C— E,_,)=G has also nonzero measure.
Let H=I1(G) N E,. Then it follows that I(H)=I(G), or Qg(-)=Q4(-). Now on H,
lim,, o (S,Q/S,P) =« which implies that Q4(Q) = «Qy(P) and from an analogous
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consideration for G one obtains that Qg(Q) =< (x—&)Q(P). But this is a contra-
diction and shows that E, € £.

A standard approximation procedure of measurable functions by simple
functions leads to the following result.

THEOREM 4. Let I be an invariant subset of C, P and Q be two admissible sequences,
such that (S,P)>0 a.e. on I and Q;(P)< 0, Q)(Q)<oo. Then

lim | g, = lim | Ap,
n-o Jr n—o Jr
with h=lim,,_, ,, (S,Q/S,P).
COROLLARY. If p(C)< o0, Q(Q)< 0 and S,(P)>0 a.e. on C, then

a.e. onC.

' _ 1 Elga#]
Jim (S,Q/S,P) = lim Fr*=

Nonpositive operators. We now consider a general, not necessarily positive
contraction 7. The following result [8], due to Chacon and Krengel, shows that T'
can always be dominated, in a certain sense, by a positive contraction .

THEOREM 5. For every bounded linear operator T:L, — L, there is a unique
bounded, linear and positive operator 7: L, — L, such that

O l=l=IT].

(ii) For all fe L,, |Tf| = 7|f|-

(i) If fe L{ then 7f=supy sy, |T8]-

Proof. Let & be the class of finite (measurable) partitions [I=[E,,..., E,] of
X, partially ordered in the usual way. For any II=[E,, ..., E,]e Z and fe L{ let

wf = 3 [T

where y;, is the characteristic function of Ey, k=1, . .., n. Also, let II,, be a sequence
of nondecreasing partitions such that

im |rg,f| = sup [raf].
n->o ne?

One then defines 7'f=lim,. . 7, f (a.e.) and obtains the transformation = of the
theorem as the unique linear extension of ' to L,. For further details we refer the
reader to [8].

DEFINITION 5. The operator = as given by Theorem 5, is called the linear modulus
of T.
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For the rest of this paper = will denote the linear modulus of T. The quantity
Qg(+) is defined, as before, in terms of 7. We note that a sequence P={p,, p;, - - -}
is T-admissible if and only if it is 7-admissible.

DEeFINITION 6. Two L, functions f and g are called equivalent (with respect to
T), in notation f~ g, if there exists a strictly positive L, function F, such that

lim sup ISn(f_g’ T)l

m st S.(F, 7) =0ae.onC

where C is the conservative part of X with respect to 7.
It is clear that this relation is actually an equivalence relation. We also note that,
iff~gthenf+h~g+hforanyhelL,; and also that T"f ~ ffor all n=1 by Lemma 1.
DEeFINITION 7. The nonnegative number

M = M(f) = inf | ¢|

is the minimal norm of f (with respect to T).
In terms of these concepts we first note the following

LemMma 8. If Qg(|g|) = a for all g~f then for any A>0, n>0 there exists an h~f
such that

IA] £ M+X and f b 2 a—q
E

where M is the minimal norm of f.

Proof. Let O0<e<min (A 1), ||g| S M+e, g~ fand consider
{aOa L5 P } = R(g, T, E),
{BOs ﬁl’ .. } = R,(g, T, E),
{709 Y15 - - } = R(lgla T, E)’
{80, 81,...} = R'(|g|, 7, E),
where R and R’ are as defined in the proof of Lemma 3.

Since Qg(|g])=>2-ollyx| Z a, there exists an n such that >3 _, |yx| Za—47. Let
h=>"_¢ o, +pB,, Which is equivalent to f. Then, by simple inductions we obtain
that

M)A = gl = M+
and

n

ME Sl +IB] S 3 Inl o] < Mee

k=0

and also [|B,] = [|84], 2%-0 ol = 2%-0 ||l which imply that

[ = o

n
2 > lvel—2¢ 2 a—n.
k=0
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The following lemma shows that if the norm of an L,-function f is very close to
its minimal norm, then the action of T on this function can be described in terms
of the action of = on | f].

LEMMA 9. Let f€ L, and let M be its minimal norm. Then for any >0 there exists
a 8§>0 with the following property. If g~f and | g| S M+ 3 then one can find a
function A € L} with |A|| <e and a set G with | |g| <e such that, for any nZ0,

n n
> |Trg—e g | s > ™A
k=0 k=0
a.e.on (S N C)—G, where S is the support of g and 0: S — (— =, ©] is the phase of g.

The proof of this theorem, although quite straightforward, is rather long and
will be divided into several sublemmas.

Let 5, 0<n<m, and 8>0 be fixed and g~ f, | g|| £ M+ 8. Define two sequences
R={ro, ry, rs, ...} and R ={rg, ri, rs, ...} of L, functions:

ro = 0, r(I) =8,
rn=MTrn., rm=0-2)Tn,; nzl

where A,: X — [0, 1] for all n>1, such that A,=0 on the set-on which g=0 or
Tr,_,=0 or 86—y <ph Tr,_, <0+7 (mod 27), where “ph” denotes the phase of
its argument. Outside of this set A, is defined by the following (pointwise) relation
A=sup{t|0=t=1, 0—n/2Zph [g+S,- 1R+t Tr,_;]1 £ 0+7/2 (mod 2m)}.

In what follows, if

A= {ao, a,, g, . . .}
is a sequence of functions, |4| and | 4| will denote the sequences

{laol, lai, lagl, ...} and {llacll, lasll, aal, - - -}

respectively.
LemMa 10. (1—cos (7/2))S. | R] £25.

Proof. First, an induction argument shows that S,|R| + |/rz] = M+38. But we
also have that S,R+r, ~ g, which combined with the first inequality, gives that

lgll+Sal R -l g+SaR| = 23
or

n
2, llg+Se-1Rl+|rll = g+SRI] = 28.
k=1
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Now, at almost every point on the support of r,, the difference between the phases
of g+ S.R and r, is at least 7/2. Hence

|g+SR| S |g+Sk-1R|+]r cos ]
or
(1 —cos g)SnllRll <28

for all n=0.

LEMMA 11. Let G be the part of the support of g on which ph (g+S,R)=0—n/2
or 0+7/2 for at least one n20. Then (1—cos (/2)) [, |g| £25.

Proof. Write G as the union of disjoint sets Gy, G, ... such that on G, the
phase of g+ SR is in the (open) interval (6 —»/2, 0+7/2) forall k=0, 1,...,n—1,
but the phase of g+ S,R is §—7/2 or 0+7/2.

Hence on G,:

|g+S,R| < |g| cos 3+S,|R|

or
(1-cos1)igl 5 lel+S.RI-[g+S.RI = c,

where the last equality defines c,.
From the proof of the previous lemma we have that j'c,,§28 for all n=1.

Hence,
n
28;f,.zf en 2 fcg(l—cosﬂ)f ,
¢ Uk=16Gk ,Zl (% * 2 U1'2=10k|g1

since ¢, is a nondecreasing sequence in n.

LEMMA 12. Let the sequence H={h,, hy, . ..} be defined as h,=0,
hy, = 7|rn_q|—|Trn-y], n2 1.
Then
So|H| £ 8.
Proof. First, an induction argument shows that
ITr-ll = gl —Se-alRI-Se|H], k2z 1
Now

Sn_1R+r,',_1 ~ Sn_1R+Tl‘;_1 ~ g.
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Hence
M = S, 1| R|+ [T,
< lel-SelHl
S M+8-S,|H|,

which proves the lemma.

LEMMA 13. Let
n
ay = |g|— D ™ H|r|—|r3
k=1
and
n
by = ew[fn; gl- > T»-k|rk|] 1
k=1
Then
n
a, = Z T"_khk
k=1
and

|bs| < an+797"|g| a.e. on(CN S)-G.

Proof. The first assertion follows directly from the definitions. For the second
assertion, we first note that
n-1

by = e[ lgl= 3 o Hind |~ et Irle)

On (C N S)— G we have either A, =0 or A,=1. If A, =0 then r,=0 and the phase of
rn=Tr,_; is in the interval (§—=, 0+7). But |r,|<7"|g| and |b,|<a,+77"|g|
follows. If A,=1 then r, =0 and |b,| =a,.

Proof of Lemma 9. From the definitions and the previous lemma we have that

n
le®7"| g| —T"g| S |ba] +2 D 7~ *|r,
k=1
n
S pgl+ D T K e+ 20,
k=1

Therefore
n n
Zo || g| —T*g| = kzo ™[n]g| + Sw(H+2|R])].
k= =

Let
A = 5| g|+So(H+2|R]).
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Then
45

1—cos§

IAl = 2] gl +8+

Choose 7, so that Mn=<e/4, 0<n < and choose 8 satisfying

2 (1=cos ).
0<8<l6(1 cosz)

Then it is easily seen that |A] <eand [, |g| <e.

A general ergodic theorem. We now apply Lemmas 8 and 9 and the results for
positive contractions to prove the following general ergodic theorem, due to Chacon
[6], [7]. This theorem gives a mutual generalization of the Dunford-Schwartz
theorem [9] and the Chacon-Ornstein theorem [4]. We note that Chacon’s original
paper [7] does not contain some details of the proof. A complete but rather compli-
cated proof of the theorem appeared in [12].

THEOREM 6. For any feL,,
M lim (S,(f, T)/S.P)

exists (and is finite) a.e. on {x | 0< S, P(x)}.

Proof. We can assume that 0< S, P a.e. Since |S,(f; T)| £S,(|f], 7), it is also
clear that lim sup,_. ., (|S.(f, T)|/S,P) is finite a.e. and that the limit (1) exists a.e.
on D, the dissipative part of . If it fails to exist on a nonnegligible subset of the
conservative part C, then there exist a number « <0 and a nonnegligible set E<C
such that

)] lim sup |(S.(f; T)/SpP)—(Sn(f, T)/SnP)| 2 @ 2. 0n E.

We can also assume the existence of a number 8> 0 such that
3) lim sup (|S.(f; T)|/S.P) = B ae.onE.
Note that (2) and (3) are valid for any g~ f.

Now (2) implies that, for any g~f, «/2 <lim sup,- » (S(|f], 7)/S:P) a.e. on E.
Hence, by Theorem 1,

Qx(lg]) 2 32Qx(P)  (>0)

for any g~f, and by Lemma 8, for any >0 one can find a g~f such that
lgl|£M+3 and

@ [ 181 2 a0u.
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Now let e >0 be a fixed number and choose § >0, g, A, G as they are given by Lemma
9. We also assume that g satisfies (4).
Let F=(E—G) N S where S is the support of g. Then, by Lemma 9,

2 |Tg—erg|| = > A
k=0 k=0

a.e. on F, with |A||<e and

©) [1el 2 [ 161-¢ 2 200u2)—
We now have, a.e. on F,
. Sa(g, T)
> o8, 1)
B 2 lim sup | =o=5 ‘
n(Igl )[ Sa(g, T) ”
> —_—
© = v Rt P e
> lim 2281 T u(lgl ) [1 Sa(4, 7) ].
n— 7"”0 n(lgl’ 7)
Let
)
ﬂ-’°° n(lgl ‘r)

Then, from Theorem 1 and Lemma 7 it follows that

[RERART
F
Since /20, if R=F N {x | I(x) <4} then
3 lgl < e

F-R

which, combined with (5) implies that
[ 121 2 1o0up) 3.

Now, by (6),
a.e. on R,

lim

n— o

Sn(lgl’ 7)
5P =28

hence

™ (P) 2 35 Unll8l) Z 5 Heu(P)~3e]
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On the other hand, (2) implies that, a.e. on R,

. Si(g T) Su(g, T)
< _
« £ limsup | =55 S.P
1 Sn(lgls T) . Sn(g9 T) _ Sm(g’ T)
= lim =g p— Umsup | 555, (el 9 Sl )

. Sn(|g|a 7) . Sn(Aa T) _ . Sn(As T).
2lim = p— im e = 2im =5 p

IA

Hence
2 2
®) Qu(P) S Z0x8) S =

But, if ¢ is sufficiently small, (7) and (8) are incompatible, which means that the
assumption (2) cannot be true and completes the proof.
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